Abstract-The two-way multiple-input and multiple-output relay system is investigated in this paper, where bi-directional communications between two source nodes are supported by a relay node with multiple antennas. The achievable diversity order of the three-phase two-way relaying protocol based on zero-forcing is derived. It is found in this paper that the upper bound of the diversity order is related to the number of antennas at the relay node and the number of data streams. Numerical and simulation results are presented to validate theoretical analysis.
I. INTRODUCTION
Physical-layer network coding (PLNC) was first proposed in [1] , where processing at the relay node is applied to analogue signals. It can be readily integrated into multipleinput and multiple-output (MIMO) relay systems [2] - [5] . For bi-directional communications between two source nodes, conventional orthogonal transmission with four phases can be reduced to two or three phases with PLNC.
In [2] , several linear two-way relaying protocols based on zero-forcing (ZF) and the minimum mean square error filter are proposed to support two-way communications. Employing a self-interference cancelation (SIC) receiver at each source node, new PLNC schemes are presented in [3] and compared with the ones in [2] . The PLNC scheme with the match filter (MF) is simple and close to the optimum design as shown in [3] . However, the relaying schemes in [2] and [3] require a large number of antennas at the relay node. Additionally, the MF-based PLNC scheme performs poorly in terms of system reliability. In [4] , two-way relaying systems with three temporal phases are studied, where the interference among signals from the two source nodes is mitigated with spatial precoding at the relay node. However, this scheme does not make use of the self-interference property, which wastes spatial resources at the relay node.
The two-phase PLNC schemes [2] - [5] place a strict requirement on the number of antennas at the relay node, which cannot be smaller than the sum of the numbers of data streams from the two source nodes. This is impractical especially for the relay sites deployed in cellular systems. Moreover, only one receive matrix and one transmit matrix can be utilized at the relay node in two-phase PLNC schemes since the transmission and reception of the two source nodes' signals are simultaneous [2] - [5] . The design of the receive and transmit matrices should consider the two-way transmission, which is complicated and difficult.
Three-phase relaying is very popular in digital network coding due to the requirement of correct decoding at the relay node. For bi-directional communications between two source nodes with multiple antennas, three-phase relaying protocols offer two advantages: 1) the relay node receives signals from the two source nodes in two separate phases, so that the requirement on the number of antennas at the relay node is lower, i.e., the number of antennas at the relay node cannot be less than that of data streams from each source node; 2) thanks to the temporal division of the two source nodes, two independent relaying matrices can be used for bi-directional communications. These two points are quite different from the two-phase protocols [2] - [5] . However, three-phase PLNC schemes have not attracted enough attention to date. In addition, existing work on PLNC in MIMO relay systems primarily focuses on the capacity performance [5] , [6] . Potential diversity gains enabled by the antenna arrays in MIMO two-way relaying systems are yet to be exploited.
In this paper, the diversity gains of a three-phase PLNC protocol based on ZF in two-way MIMO relay systems, termed the ZFNC protocol, are analyzed. Two approximation methods are proposed to derive the achievable diversity order. It can be proven that the ZFNC protocol achieves spatial diversity gains in proportion to the number of antennas at the relay node and the number of data streams. Numerical and simulation results are presented to validate the theoretical analysis on the diversity order. The comparison between ZFNC and the conventional ZF-based relaying protocols is also given. n × n identity matrix. 0 denotes the all-zero matrix. E(·) represents mathematical expectation, whereas Pr(·) is used as the probability notation. Three nodes are considered in the system depicted in Fig.  1 , where node B is the relay node between the two source nodes, i.e., nodes A and C. The bi-directional communications between nodes A and C are aided by node B. The numbers of antennas equipped at nodes A, B and C are N , M and N , respectively. The transmit signal from node A to C (from node C to A) through node B is
II. SYSTEM MODEL
where P A and P C are the transmit power constraints at nodes A and C, respectively. Spatial-time coding and precoding are not considered in this study. The transmit signal at node B is x B ∈ C M ×1 with the power constraint of E(x H B x B ) = P B . As shown in Fig. 1 , the channel matrix from node A to B is H, whereas it is G from node C to B. Time division duplex is assumed, so that the channel matrices from node B to A and C are H T and G T , respectively. We assume independent and identically distributed (i.i.d.) Rayleigh fading, i.e., 
Without loss of generality, it can be assumed that σ
, and P A = P B = P C = 1.
III. PROTOCOL DESCRIPTION
The conventional ZF relaying protocol [7] , [8] is a simple scheme for MIMO relay systems, where a ZF equalizer and another ZF precoder are employed at the relay node. Compared with other relaying protocols [8] - [10] , the ZF relaying protocol is much simpler in the sense of theoretical analysis, and performs better in terms of the complexity of the relay node. Therefore, we focus on the three-phase two-way relaying protocol based on ZF, whose transmission flow can be summarized as follows:
1. Transmission from node A to B. The received signal at node B is written as
2. Transmission from node C to B. The received signal at node B is written as
3. Broadcast transmission from node B to nodes A and C. A SIC receiver is employed at nodes A and C. The received signals at nodes A and C are
respectively.
Two relaying matrices are used at the relay node for the broadcast transmission in the third step as
This is completely different from the conventional two-phase PLNC schemes with only one relaying matrix [2] - [5] . The three-phase two-way relaying protocol is shorthanded as the ZFNC protocol in the sequel. The normalization coefficient β in (6) is used at node B to satisfy E(x H B x B ) = P B , which is computed as
According to (6), (5) can be rewritten as
wherẽ
In contrast with the conventional four-phase relaying protocols [7] , [8] and two-phase PLNC schemes [2] - [5] , there is an additional component of relaying noise in (10) related to n B2 , which is a drawback for the three-phase scheme. The effect of the additional relaying noise is also demonstrated in the simulation results. Since x C is a priori known at node C, the second term on the right side of (9) can be cancelled and the signal after the SIC receiver can be rewritten as
Signal processing at node A is similar. Furthermore, the use of a MIMO equalizer is not imperative at the source nodes in the ZFNC protocol, and β is affected by both H and G.
IV. DIVERSITY PERFORMANCE ANALYSIS It is assumed that
for the ensuing diversity analysis. The results can be extended to the scenario with non-identically channels, e.g.,
The received signal at node C is taken as an example in the following analysis. The received SNR of the ith data stream at node C is defined as
where
is the covariance matrix ofñ C . The ith diagonal element of R nC denotes the equivalent noise power of the ith data stream as shown in (14), i ∈ {1, 2, · · · , N}. The average outage probability at node C is defined as
where γ th is the threshold SNR. Since the elements in the channel matrices follow the same distribution, the average outage probabilities of the N data streams at node C are identical. This fact can be used to derive (15). Hence, we can use the average equivalent noise power in the analysis of the ZFNC protocol
γ Ci can be approximated as
The achievable diversity order is defined as [11] 
In (17), the equivalent noise power of the ith data stream is replaced by the average value of the N data streams. The reliability performance is mainly determined by the worst scenario. Therefore, this approximation leads to an upper bound of the achievable diversity order in the derivation. In spite of the approximation, the actual diversity is rather close to the derived result, which will be demonstrated through simulation results. In the following derivation, it is assumed that N = 2 for the simplicity of the singular value distribution.
Integrating (10) and (14) into (16) gives rise to
The normalization coefficient β in the ZFNC protocol can be computed by using (8) . γ Ci can be further simplified as
where the first term in the denominator includes four singular values and some inner products of the singular vectors, which is extremely complicated to analyze. An upper bound of γ Ci can be obtained by ignoring the first term
where λ Hi is the ith singular value of H, and λ H1 ≥ λ H2 . The joint probability density function (PDF) of {λ Hi } is required for derivating of the average outage probability. Under the assumption of i.i.d. fading, the joint PDF of the unordered singular values of g −2
H
H H can be found in [12] f (x, y) = 1
where n = M − N . Note that x and y are symmetrical as shown in (22) 
Integrating (21) into (15) gives
The probability in (24) can be decomposed into two parts as follows
The diversity analysis based on p C,out can be divided into two subproblems, i.e.,
The overall diversity order can be written as
If ρ is large enough, p 1 or p 2 , whichever one is larger, will determines the diversity order of the ZFNC protocol.
The closed-form expression of p 1 can be derived as follows
Therefore,
Unfortunately, there is no closed-form expression for p 2 . Hence, d 2 can only be obtained with numerical methods
The results of the diversity order analysis based on p 1 and p 2 are the same as shown in (30) and (32). The numerical results of p 1 and p 2 with different numbers of antennas are given in Fig. 2 showing that p 2 is quite close to p 1 , which demonstrates the diversity analysis of the two subproblems. As a result, we have an upper bound for the achievable diversity order of the ZFNC protocol as
The analysis of the outage performance at node C is similar and the conclusion is the same. Furthermore, a different approximation method can be used in the diversity order analysis. The approximate expression of γ Ci in (21) can be bounded differently by
where the harmonic mean of the two squared singular values in (21) is replaced with the smaller squared singular value λ 
According to (34)-(36), p C,out can be computed as follows
Another upper bound of the achievable diversity order can be obtained with numerical computation
The result is the same as in (33). This demonstrates that this result is an upper bound of the achievable diversity gains with the ZFNC protocol. The conclusions will also be validated via simulations in Section V.
V. NUMERICAL AND SIMULATION RESULTS
The reliability performance of the ZFNC protocol is evaluated in this section so as to verify the diversity analysis in the preceding section, alongside the analysis of the conventional four-phase relaying protocol termed the ZF relaying (ZFR) protocol. It is assumed that γ th = 1, and N = 2 in this section. The dash lines of the standard diversity curves with p out = aρ Fig. 3 compares the outage probability performance of the ZFR and ZFNC protocols, where ρ AB = ρ CB . The simulation results are very close to the standard diversity curves, which confirms the diversity order analysis in Section IV. The relationship between the achievable diversity order and M is evident. The achievable diversity gains of the ZFNC protocol is similar to that of the ZFR protocol. The outage probability of the ZFNC protocol is worse than that of the ZFR protocol, which is mainly attributed to the additional relaying noise component as shown in (10) . If M = 2, the slope of the ZFNC curve is slightly smaller than that of ZFR as can be observed from Fig. 3 . The distance between the two curves is much smaller when M > 2.
The outage probability results for ρ AB = ρ CB − 3 dB and ρ AB = ρ CB + 3 dB are plotted in Figs. 4 and 5, respectively. The upper bound of the diversity order is also verified for the cases where the channels of the two hops are not identically distributed. The results in Fig. 5 demonstrate that the diversity analysis in this study can be extended to the scenario of nonidentical channels.
VI. CONCLUSION
The three-phase ZFNC protocol in the two-way MIMO relay system is investigated in this paper, where the relay node receives the signals from two source nodes in two separate time-slots and broadcasts the additive signal to the two source nodes simultaneously. Based on the analysis of singular values, two approximation methods are proposed to analyze the diversity order of the ZFNC protocol. An upper bound of the diversity order is derived with the two proposed approximation methods, which is M − N + 1, where M is the number of antennas at the relay node and N is the number of antennas at each source node. Numerical and simulation results are presented to validate the diversity analysis.
